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^^ Abstract. We study moduli of "self-associated" sets of points in P" for small 

^"'n , n. In particular, we show that for n = 5 a general such set arises as a hy- 

^^ I perplane section of the Lagrangean Grassmanian LG(5, 10) C P^^ (this was 

^vj ' conjectured by Eisenbud-Popescu in Geometry of the Gale transform, J. Al- 

gebra 230); for n = 6, a general such set arises as a hyperplane section of 
the Grassmanian G(2,6) C P^*. We also make a conjecture for the next 
r ^ . case n = 7. Our results are analogues of Mukai's characterization of general 
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canonically embedded curves in P° and P', resp. 



1. Introduction 



Let r C P" — PV be a nondegenerate set of 2n -f 2 distinct points with the 

following property: one can write F — F' UF" such that both F' and F" correspond 
^ ' to orthogonal bases for some nondegenerate bilinear form Q onV (i.e. both F' and 

OO ! r" are apolar simplices with respect to Q). Then, we say that F is o self-associated 

(s.a.) set of points in P". This notion of self-association was first introduced by 
1^ \ Castelnuovo |3j and further studied by Coble (0,0) and other classical geometers 

( Q > ) • The theory of self-association was given a modern treatment by Dolgachev- 
\^ \ Ortland (|H1) and, more recently, by Eisenbud-Popescu (0) in connection with the 

f^ ■ minimal resolution conjecture. Self-associated sets of points were also studied by 

Schreyer-Tonoli (jJH) in connection with the Green's conjecture on syzygies of 

canonical curves. 

a An equivalent definition of self-association is the following one (see 0, thm. 7.1 

■ and 8.1): 

^ ■ Definition 1.1. Let F C P" be a nondegenerate set of 2n + 2 distinct points in 

P". Then, F is s.a. set of points if and only if any subset of 2ri + 1 points of F 
; ^ ' imposes the same number of conditions on quadrics as F. 

There is a moduli space, which we denote An, parametrizing (unordered) self- 
associated sets of points in P" modulo projective equivalence. It is shown in |S|, 
that An is an irreducible, unirational variety of dimension ("^ ) . 

A more sophisticated characterization of self-association is provided by the fol- 
lowing theorem: 

Theorem 1.2. (^) Let T he a nondegenerate set of 2n + 2 points in P". Then, 
F is Arithmetically Gorenstein (AG) if and only ifV is self- associated and F fails 
exactly by 1 to impose independent conditions on quadrics. 

It is easy to see, that if F is a sufficiently general s.a. set of points (e.g. F is in 
linearly general position), then the theorem above applies to F. 

The author was partially supported by the NSF Graduate Research Fellowship. 
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Example 1.3. If F is a set of 2n + 2 points that lies on a rational normal curve 
D C P", then F is a s.a. set of points. 

Example 1.4. Let C C P"+i be a smooth canonically embedded curve. It is well- 
known, that C is AG. Therefore, any transversal hyperplane section F = CnP" is 
AG, and so, it forms a s.a. set of points in P" (see J19l). 

A geometric characterization of s.a. sets of points is classically known in small 
dimensions (see 0, sec. 9). Namely, in P^, a s.a. set of points F is just a complete 
intersection of a conic and a cubic. In P"^, a sufficiently general s.a. set of points 
is a complete intersection of three quadrics. In P^, a sufficiently general s.a. set of 
points is a complete intersection of an elliptic normal curve E C P"* and a quadric. 
In particular, in all three cases, F in arises as a hyperplane section of a canonical 
curve. 

The goal of the present work is to give a similar characterization of s.a. sets of 
points in dimensions P^ and P^. More precisely, we will show, that a general s.a. 
set of points in these dimensions arises as a hyperplane section of a smooth canonical 
curve. In fact, our result for the case P'^ answers a conjecture of Eisenbud-Popescu 
(El)- On the other hand, the pattern ceases to generalize in dimension P^. 

The starting point is the well-known theorem of Mukai ( 17 ): 

Theorem 1.5. (s,) A general canonical curve C C P^ o/ genus g — 7 is a 

linear section of the Lagrangean Grassmanian LGj^{b, 10) C P^'"^; 

(b) A genral canonical curve C C P of genus g — 8 is a linear section of the 
Grassmanian G(2,6) C P^*; 

(c) A general canonical curve C C P^ of genus g — 9 is a linear section of the 
symplectic Grassmanian Gcj(3, 6) C P^'^. 

We will show that parts (a) and (b) of the theorem above extend to s.a. sets of 
points in P^ and P^, resp. On the other hand, the analogue of part (c) fails for s.a. 
sets of points in P^ because of a simple moduli count (see conjecture I2.12|l . 

Ranestad-Schreyer (^Hl) proved that "a general empty AG scheme of degree 12 
in P^" (that is, a graded Artinian Gorenstein ring with Hilbert function (1,5,5,1)) 
arises as a linear section of LG+ (5, 10). Thus, our result for s.a. sets of points in P^ 
should be viewed as an intermediate step between their result and that of Mukai. 

Also, we reinterpret our result for s.a. sets of points in P^ as an instance of 
"inversion" of the Cayley-Bacharach theorem for vector bundles ( ^21j |14p. 

Notation and conventions. We work over a base field k of characteristic 0. For any 
closed reduced subscheme X C P" with ideal sheaf Ix , and any positive integer 
7TT-, denote by X^"*^ C P" the subscheme defined by the ideal sheaf Z^™. In other 
words, AT^™^ the smallest scheme supported on X that contains the (m — l)-st in- 
finitesimal neighborhood of X . For any r < n, denote by G{r, n) = G(P'"~^, P"~^) 
the Grassmanian of (k — l)-planes in P"^^. 
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2. Characterization of s.a. sets of points in small dimensions 
2.1. The case P'^. 

Recall some standard facts about Lagrangean Grassmanians (^Sl) C3)- Let 
{V, Q) be a 2n-dimensional vector space V equipped with a nondegenerate sym- 
metric bilinear form Q. A linear subspace W GV \s isotropic \S Q{'w,'w) = for 
any w S W. An isotropic subspace of maximal dimension n is called a Lagrangean 
subspace. Since we assume the dimension of V to be even, the variety parametrizing 
all such subspaces consists of two disjoint components LG±{n, V). 

Write A'V = A™F © /\°'^'^V. Then, the Lagrangean Grassmanian LG+{n,V) 
(resp. LG-{n,V)) admits the Pliicker embedding LG+{n,V) ^->- P{A'^'"V) (resp. 
LG-{n,V) ^ P{A°'^'^V)). The special orthogonal group SO{V,Q) acts on A"'F 
(resp. A°'^'^V) via the (half-)spin representation and LG+{n,V) (resp. LG-{n,V)) 
is a homogeneous space for this representation. 

Next, we specialize to the case dimF — 10. Denote X — iG+(5,10). One 
can show (QB]), that X C P^^ is a 10-dimcnsional variety of degree 12. Also, the 
canonical bundle Kx — Ox (—8). 

It is observed in (JSI); that the homogeneous ideal of AT C P^^ is generated 
by 10 quadrics, that in turn satisfy a unique quadratic relation. More precisely, 
consider the natural map 

p : Sym'H°{'P^\lx{2)) ^ H°{P'\lxiv{4)) 

induced by multiplication. Then, the kernel of p is 1-dimensional, generated by 
a nondegenerate symmetric bilinear form, which we denote R*. Taking the dual, 
the space of quadrics iJ"(P^''',Xx(2)) is naturally endowed with a nondegenerate 
symmetric bilinear form R. 

Notice, that there is a natural action of 50(10) on i?°(P^^,Xx(2)), induced by 
the spin representation. 

Proposition 2.1. (Mukai, ^16^ ) There is a natural isomorphism 

a:V^H%P'',Ix{2)) 

with the following properties: 

(a) a is SO (10) -equivariant and a*{R) = Q. 

(b) Let X ^ X be a point, corresponding to a Lagrangean Wx C V . Then, 
oi-iWx) C if*'(P^^,Ix(2)) is precisely the linear subsystem of quadrics con- 
taining X that are singular at x. 

Let X — LG+(5,10) as above. Since Kx — Ox{~8) and X is projectively 
normal, it follows, that a general linear section F = AT n P^ is a s.a. set of points 
in P^. It was conjectured by Eisenbud-Popescu in [H], that any sufficiently general 
s.a. set of points in P^ arises in this way. Indeed, we have: 

Theorem 2.2. Let T be a general s.a. set of points in P^ . Then, T is a linear 
section of the Lagrangean Grassmanian LG'+(5,10) C P^^. Moreover, the linear 
section is unique upto the natural SO{10)-action induced by the spin representation. 

From Mukai's result, we conclude: 

Corollary 2.3. A general s.a. set of points in P^ is a linear section of a canonical 
curve in P®. 
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Our approach is essentially a translation of Mukai's proof from curves to points. 
A certain geometric argument of Mukai is replaced by a symbolic computation on 
the computer algebra system Macaulay ^ (0). 

Proof of Theorem \2.S\ Let S C G(P^, P^^) be the open subset of linear subspaces 
that meet X C P^^ transversally at 12 distinct points. Notice, that S'O(IO) acts 
on S and there is a well-defined morphism 

a : S/5O(10) -^ A, 

that assigns to every [A] G S the s.a. set of points A n A. By counting moduli, we 
get: 

dimS/S'O(10) = 6(15 - 5) - r j ^ 15 

and 

dim A = [ 2 ) = 15. 

Therefore, to show that a is birational, it suffices to show that a is injective. 
We will need the following result. 

Lemma 2.4. The Lagrangean Grassmanian X C P^^ is ACM and so is the scheme 

A(2)cPi5. 

Proof. Homogeneous varieties are known to be ACM in general. We have verified 
that X^^^f is ACM by using Macaulay 2. See the Appendix for details. D 

Corollary 2.5. Let F = A n P^ be any transversal linear section. Consider the 
commutative diagram 

^ym2iJ"(pi5,Zx(2))^-i?"(pi'\Xx(^)(4)) 



5ym2ij0(p5, Jr(2)) ^— i/"(P^2^(^,(4)) 

where the horizontal maps are induced by multiplication and the vertical maps are 
induced by restriction. Then, the two vertical maps are isomorphisms. D 

We are ready to complete the proof of the theorem. Let F = A n A C P^'^ be a 
transversal linear section with A = P^. By cor. 12.51 the map 

has a 1-dimensional kernel, generated by a nondegenerate symmetric bilinear form 
R*. Let i? be the dual of ij*. 

[Here is a heuristic way to see why dim ker p — 1. Clearly, dimS'ym^i/°(P'^,Xr(2)) 
55. Also, we would have /i°(P^,2'r(2) (4)) = (^g^) -12-6 = 54, assuming that double 
points at F impose independent conditions on quartics in P^.] 

Let 

/3 : iJ"(pi5,Xx(2)) ^ H°(P^X^(2)) 
be the map, induced by restriction to A. By cor. 12.51 we have (3*{R) — R. Com- 
posing with the map a from prop. 12.11 we get an isomorphism 

/3oa:l/^^7jO(p5^2'r(2)) 

such that {l3oa)*(R) = Q. 
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From now on, we identify V with H'-\P^,Ir{2)) via f3 o a. For any pi € F, 
denote hy Wi C V the linear subspace parametrizing quadrics containing F that 
are singular at pi. Since F is cut-out scheme-theoretically by quadrics, a double 
point at Pi G F imposes 5 conditions on quadrics in A passing through pi. Therefore, 
dimWi = 5. It follows, that any such quadric in A is a restriction of a quadric in 
P-*^^ containing X and singular at pi. By prop. 12.11 VF^ C ^ is a Fagrangean and 
moreover, it corresponds to the point pi G F C AT, i.e. pi = [Wi]. 

Now, let F' = X n A' be another transversal linear section and assume, that 
F C A and F' C A' are projectively equivalent. We claim, that A and A' are in the 
same S'O(10)-orbit. 

For, let 

/3' : i/0(pi5,X^(2)) ^ H0(P^Z^'(2)) 
be the map, induced by restriction to A'. Hence, (3*{R) = j3'*{R) = R. It follows, 
that (3' = (3 o T for some t € 50(10). For any pj G F' C X , define the Fagrangean 
WicV as before. It follows, that [W.[\ = T[Wi]. Therefore, [A'] = t[A]. 

This shows, that the map a : S/S'O(10) -^ A5 is injective, which completes the 
proof. D 

Alternative interpretation. 

We interpret Theorem l2.2l as an instance of "inversion" of the Cayley-Bacharach 
theorem for vector bundles (see jOI, |14jV 
Consider a surjective map vector bundles 

/:Op5(2)^^Op5(3)2 

and let Bf = ker/. If / is sufficiently general, then Bf is a vector bundle of rank 
5 on P^. By Whitney's product formula, we have: 

ci(i?/) = 8[i/]; 

C5(i?/) - l2[Hf. 

Here, [H] denotes the hyperplane class. 

Fet F = Z{s) be the zero- locus of a regular section s £ H^{Bf) and assume that 
F is reduced. By the Cayley-Bacharach theorem for vector bundles, F fails exactly 
by one to impose independent conditions on the linear system \K-ps, ® det(i3/)| — 
|Op5(2)|. In other words, F is a self- associated set of points in P^. 

Remarkably, Theorem 12.21 implies (and, in fact, is equivalent to) the converse 
statement: 

If T is a general self-associated set of points in P^ , then F is the zero locus of a 
regular section of a vector bundle Bf, for a suitable choice of f . 

We just sketch the proof. Consider a sufficiently general map of vector bundles 

/:Opi5(2)^-^C'pi5(3)2 

and let Bj = ker/. Then, Bj is a reflexive sheaf of rank 5 (in fact, a Buchsbaum- 
Rim sheaf, in the language of ^H])- Let s G H'-^Bj) be a general section. One 
can show, that the top component of the zero locus Z{s) is projectively equiva- 
lent to the Fagrangean Grassmanian LG+{5, 10) {Z{s) also has a component of 
larger codimension, namely the locus of degeneracy of /). We have checked this on 
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Macaulay 2. It remains to consider the restriction of Bj to a general P^ C P^*^ and 
apply Theorem 12. 21 

2.2. The case P^ 

Recall some standard facts about Grassmanians of lines (JSl)- Let V be an 
n-dimensional vector space over the base field k. Consider the Grassmanian X = 
G(2, V) C P(A^ V^) parametrizing lines in PV, together with its Pliicker embedding. 
The group SL{V) naturally acts on A^V and X is a homogeneous space for this 
action. 

For any w ^ /\^V and k < n/2, denote 

pf (2fc, w) = w A ■ ■ ■ A w G a'^'^V. 

k times 

If we fix a basis for V, then pf {2k, w) is just the 2k x 2fc-pfaffians of the skew- 
symmetric matrix given by w. 

It is well-known, that X C P(A^y) can be defined as the locus of vanishing of 
pf (4, w), for w S A^V. More generally, for any m, the m-secant variety am{X) can 
be defined as the locus of vanishing of pf (2m -I- 4, w). 

Next, we specialize to the case dimT^ — 6. Then, X = G(2,6) C P^'' is an 
8-dimensional variety of degree 14. Also, the canonical bundle Kx = Ox (—6). It 
follows, that a general section F = X n P^ is a s.a. set of points in P^. Our main 
result in this section is the converse statement: 

Theorem 2.6. A general s.a. set of points in P^ is a linear section of the Grass- 
manian G {2, 6) cPi'^. 

By Mukai's theorem, we have: 

Corollary 2.7. A general s.a. set of points in P^ is a hyperplane section of a 
canonical curve in P^. 

Proof of theoreni \2.(A Just as in the proof of theorem 12.21 we start with moduli 
count. Let S C G'(P^,P^'') be the open subset of linear subspaces that meet 
X C P^'' transversally at 14 distinct points. Now, SL{Q) acts on S and we have a 
well-defined map 

a : E/SL{6) ^ Aq, 
that assigns to every [A] e S the s.a. set of points A" n A. We have: 

dim E/SL{6) = 7(14 - 6) - 35 = 21 
and 

dimAe= (^l^^) =21. 

To complete the proof of the theorem, we will show, that a is generically finite. 
We will need the following result. 

Lemma 2.8. The Grassmanian X = G(2,6) C P^^ is ACM and so is the scheme 

Proof. Since X is homogeneous, it is ACM. We have verified the statement for AT*^^' 
via Macaulay 2 (See the Appendix for details). D 
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Consider the secant variety o'i(X), given by pf{6,w) — 0. Then, (Ti{X) is the 
unique cubic hypersurface in P^"' with singular locus X. Since X'^^ is ACM, we 
get: 

Corollary 2.9. Let F = XnP^ is any transversal linear section. Then, there is a 
unique cubic hypersurface in P^ that is singular at every point ofT. D 

Let T = X n A for a sufficiently general [A] G S. Then, F is defined as the 
vanishing locus of the 4x4 pfaffians in a 6x6 skew-symmetric matrix A e H'^{a'^V^ 
C'p6(l)). In coordinate-free form, A is simply the restriction of the identity element 
1 G -ff°(A^y(E)Op(A2y)(l)). Conversely, the matrix A uniquely determines [A] S S. 

Now, let F' = A n A' for some other [A'] e S and assume, that F' C A' is 
projectively equivalent to F C A. Let B S H°{A'^VC$Op6{l)) be the corresponding 
skew-symmetric matrix. In what follows, we identify the ambient spaces of F and 
F', and simply write P^. After normalizing B by a scalar if necessary, cor. 12.91 
implies, that pf{6, A) = pf{6, B). We have: 

Lemma 2.10. Let F and A e H^{K^V ® Op6(l)) he as above. Then, there is a 
Zariski open subset U C H'^{a'^V ® Op6(l)), such that the following is true: for 
any B G U , pf (6, A) = pf (6, B) if and only if A = B'^ for some t e SL{V). 

(Here we denote A'^ :— t^At, which is independent of the choice of a basis for 

V.) 

Proof. Since pf (6, A) = pf (6, A'^), the "if" part is true for any open U. 

Let Z C -ff°(A^y ® Op6(l)) be the closed subset of elements B such that 
pf (6, A) — pf (6, B), and let TaZ be the Zariski tangent space to Z at A. Consider 
the map p : SL{V) — ^ Z, given by t i-^ A'^ , and its differential dp : sl{V) — > TaZ. 
It is easy to see, that if A is sufficiently general, then dp is injective. 

Next, we will show, that dp is in fact bijective. For any B' € TaZ, let B — 
A + eB', where e^ = 0. Since pf {B) = pf {A) + 3eB' A A A A and char A: 7^ 3, we 
have: 

B' AAaA^O. 

This is a system of linear equations for B' which can be solved explicitly by looking 
at the resolution of F. Since X is ACM, F has the same resolution as X (see the 
Appendix) : 

...—^Ope (-3)35 ^ Ops (-2)15 ^Ope ^Or^O 

Therefore, dimT^Z = dims[(y) = 35, and so dp : s[(y) -^ TaZ is bijective. 

The lemma follows. D 

From what we said, it follows that there is an open subset C/ C S containing [A] 
such that the following is true: if [A'] G U is such that F' = A n A' is projectively 
equivalent to F, then [A'] — r[A], for some r G SL{V). 

This implies, that the map a : 'E./SL(V) — > Aq is generically finite, which com- 
pletes the proof of the theorem. D 

Remark 2.11. We expect, that the map a : E/SL{V) -^ Ae is actually birational. 
This would be true, if we knew that lemma [^. 101 holds globally, i.e. we may take 
U = F(A^y (g) Op6(l)). This seems likely, but we don't know how to prove it. 
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2.3. The case P^. 

As we saw, for any n < 6, a general s.a. set of points in P" is a hyperplane section 
of a canonical curve of genus n + 2 in P"+^. Clearly, this pattern cannot continue 
for n arbitrary large, simply because dim A4g = 35 — 8 and dim^g_2 = (^2 )■ ^^ 
fact, n = 7 is the first case when a general s.a. set of points in P^ is not a section 
of a canonical curve. 

To see this, recall Mukai's result that a general canonical curve of genus 9 in P* 
is a linear section of the isotropic Grassmanian G'tj(3, 6) C P^'^. We claim, that a 
general s.a. setofpointsF C P^ is noiasectionof Gi^(3,6). For, let S C G(P^,P^^) 
be the open subset of linear sections that meet G(j(3, 6) transversally at 16 distinct 
points. As before, consider the map 

a : E/Sp{6) — > At. 

By counting moduli, we get 

dimS/5p(6) = 8(13 - 7) - ("^ + ^"j - 27, 

while 

dimy^7= \^) =28. 

Therefore, a cannot be dominant! 
Naturally, we make 

Conjecture 2.12. a is generically injective. 

If the conjecture is true, it would imply that there is a divisor y C A7 parametriz- 
ing those s.a. sets of points in P^ that arise as a hyperplane sections of canonical 
curves in P^. 

Remark 2.13. We note a parallel with the question of whether a given canon- 
ical curve C C P^"^ arises as a hyperplane section of a polarized K3 surface 
(ini)CZ|)Eni)- It is well-known, that if g < 11, g ^ 10, then any canonical curve has 
this property. On the other hand, if g = 10, then the curves with this property are 
parametrized by a divisor K. C Mio ([TO]). 
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APPENDIX: Some computations on Macaulay 2. 

Below are listed the Betti numbers of LG+(5, 10) C P^'"^ and G(2,6) C P^^^ and 
the schemes of their first infinitesimal neighborhoods. In particular, we see that all 
schemes in consideration are ACM. 



degree 



1 - - - - - 

- 10 16 - - - 

- - - f6 fO - 

- - - - - f 

LG'+(5,10) 



degree 



1 - - - - - 

- 15 35 21 - - 

- - - 21 35 15 



G(2,6) 



degree 



- 54 144 120 - - 

- - - - 45 16 



LG+(5,10) 



(2) 



degree 




1 
2 
3 

4 



- 1 



105 399 595 405 105 
- - - 21 35 



G(2,6) 



(2) 



15 
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